We consider a standard optimal investment problem in a complete financial market driven by a Wiener process and derive an explicit formula for the optimal portfolio process in terms of the vertical derivative from functional Itô calculus. An advantage with this approach compared to the Malliavin calculus approach is that it relies only on an integrability condition. AMS MSC2010: 91G10; 93E20; 97M30; 91G80
Introduction
Optimal investment and consumption problems are among the most important problems in mathematical finance. Problems of this type were first studied in a Markovian framework using standard stochastic control methods, see e.g. [17, 18] . The martingale method studied in the present paper was developed in e.g. [11, 22] .
We consider the optimal investment problem of maximizing the expected value of a general utility function of terminal wealth in a standard complete financial market driven by a Wiener process, see Section 3 and Section 4 for a detailed description of the problem. It is well-known that if X * is the optimal wealth process and H is the state price density, then the discounted wealth process, given by X * (t)H(t), is a martingale, and it is therefore possible to implicitly characterize the optimal portfolio π * using the standard martingale representation theorem. In the present paper, we use this result and a constructive martingale representation theorem from functional Itô calculus to derive an explicit formula for the optimal portfolio π * in terms of the vertical derivative, see Theorem 4.3.
There is a large literature on optimal investment problems using Malliavin calculus and in particular the Clark-Ocone formula. Using this approach it is possible to derive explicit formulas for optimal portfolios in terms of Malliavin derivatives. One of the first papers in this direction was [19] . Other papers using the Malliavin calculus approach to optimal investment and consumption problems include [2, 7, 9, 14, 15, 21, 23 ].
An advantage with the functional Itô calculus approach to optimal portfolios proposed in the present paper compared to the Malliavin calculus approach is that it only relies on an integrability condition, whereas the Malliavin calculus approach relies on a differentiability condition in the Malliavin sense, which requires further restrictions on the financial market. This point is elaborated in Section 4.1.
Additionally, a purpose of the present paper is to point out an area of application in which the theory of functional Itô calculus can be applied.
The structure of the present paper is as follows. Section 2 contains a nontechnical account of the relevant parts of functional Itô calculus. Section 3 contains a description of the financial market. Section 4 presents the optimal investment problem and the explicit formula for the optimal portfolio. In Section 4.1 we describe in what sense the approach of the present paper requires less restrictions on the financial market compared to the Malliavin calculus approach. In section 4.2 we illustrate the explicit formula for optimal portfolios by studying two well-known examples. Remark 1.1 A method for the computation of explicit approximations to functional Itô calculus martingale representations is studied in [6] . Numerical studies of optimal portfolios using the Malliavin calculus approach can be found in [8, 24] .
The functional Itô formula is in [20] used in the study of an optimal investment problem where asset prices are modeled by a particular stochastic delay differential equation. Moreover, the particular structure of the problem implies that an HJB equation for an optimal value function depending only on a finite number (four) of state variables can be derived using the functional Itô formula, and a corresponding verification theorem is proved. The approach is therefore fundamentally different from that of the present paper.
Martingale representation in functional Itô calculus
Functional Itô calculus was proposed in [10] . It was developed into a coherent theory in e.g. [1, 3, 4, 5, 6] . This section contains a non-technical account of the relevant parts of functional Itô calculus. For a comprehensive account we refer to [1, 5] .
Consider the space of càdlàg paths Ω = D([0, T ], R n ), where T < ∞. The value of a path ω at a fixed t is denoted by ω(t) and a path stopped at t is denoted by ω t , i.e. ω t (s) = ω(t ∧ s), 0 ≤ s ≤ T . Let F : [0, T ] × Ω → R be a functional of paths that is non-anticipative in the sense that F (t, ω t ) = F (t, ω).
The horizontal derivative of F is defined by
The vertical derivative is defined by
The second order vertical derivative is obtained by vertically differentiating the elements of vertical derivative, i.e.
then the horizontal and vertical derivatives reduce to the standard partial derivatives in the sense that
From now on we consider a stochastic basis (Ω, F , P, F) where F = {F t } 0≤t≤T is the P-augmented filtration generated by an n-dimensional Wiener process W . The first main result of functional Itô calculus is the functional Itô formula, see e.g. [1, Theorem 6.2.3] or [5, Theorem 4.1]. It can be described as essentially the standard Itô formula for non-anticipative functionals, where the partial derivatives are replaced with the horizontal and vertical derivatives. The functional Itô formula holds for non-anticipative functionals which satisfy certain conditions regarding mainly continuity and boundedness written as
The functional Itô formula implies that if Y is a martingale given by Y (t) = F (t, W t ) P-a.s. for some F ∈ C 1,2 b , then, for any t,
In this particular case the vertical derivative of the martingale Y with respect to W is defined by
Let us now extend the definition of the vertical derivative 
We remark that [16] contains an extension of this result to local martingales.
The financial market
This section introduces a standard Wiener driven continuous time financial market that is arbitrage free and complete. For a more detailed description of the market we refer to [13] and for proofs that it is arbitrage free and complete we refer to [13, Ch. 1: Theorem 4.2, Theorem 6.6].
The financial market corresponds to the stochastic basis (Ω, F , P, F) defined in Section 2. The market is endowed with a money market process B defined by
where r is a progressively measurable instantaneous risk-free rate process satisfying T 0 |r(t)|dt < ∞ P-a.s. The market is also endowed with n stocks with price-per-share processes S i , i = 1, ..., n which are continuous, strictly positive and satisfy
It is assumed that the n-dimensional process α is progressively measurable and that T 0 |α(t)|dt < ∞ P-a.s. Moreover, the n × n-dimensional matrix-valued process σ is progressively measurable, σ(t) is non-singular for all t and all ω and
s. The market price of risk process θ is defined by
The likelihood process Z is defined by
The state price density process H is defined by
(1)
Definition 3.2 A portfolio process (π, π 0 ) consists of an n-dimensional progressively measurable process π and a 1-dimensional progressively measurable process π 0 for which
The corresponding wealth process X is given by
where x 0 is the initial wealth. The portfolio process is said to be self-financing if X(t) = π 0 (t) + π(t) ′ 1, 0 ≤ t ≤ T . A self-financing portfolio corresponding to π is from now on denoted by X π .
Note that the vector π(t) corresponds to the amount of capital invested in each stock at the time t and that B(t) corresponds to the amount of capital invested in the money market.
The optimal portfolio process
For any fixed initial wealth x 0 ≥ 0, a portfolio process π is said to be admissible if the corresponding wealth process is self-financing and satisfies X π (t) ≥ 0, 0 ≤ t ≤ T P-a.s. For a fixed initial wealth x 0 > 0 we consider the optimal investment problem sup π∈A(x0)
where A(x 0 ) is the set of admissible portfolio processes which satisfy the condition E[min[U (X π (T ), 0)]] > −∞ and U is a utility function satisfying standard conditions, see [13, Ch. 3] . Let I denote the (generalized) inverse of the derivative U ′ , for details see Ch. 3.4 (ibid.). We need the following assumption and standard result. For a proof see Chapter 3 Theorem 7.6, and also Theorem 3.5, Corollary 6.5, Remark 6.4 and p. 102 (ibid.). The optimal wealth process X * is then given by
where Y(x 0 ) > 0 is determined by
We are now ready to present the main result of the present paper. The optimal portfolio process π * is then given by (3) and (4) to see that the optimal portfolio process can also be represented as
Using Assumption 4.1 and Y(x 0 ) > 0 we obtain
It follows that M is a square integrable martingale. Now use (1), (2), the standard Itô formula, the self-financing condition and the definition of θ to obtain dM (t) = H(t)dX * (t) + X * (t)dH(t) + dX * (t)dH(t) = H(t)[X * (t)r(t)dt + π * (t) ′ (α(t) − r(t)1)dt + π * (t) ′ σ(t)dW (t)]
This implies that π * satisfies, for any t,
Since M is a square integrable martingale we may use Theorem 2.2 to obtain, for any t, the representation
It follows that π * can be represented by
It follows that
Replace X * (t) in (7) with the right side of (3) and replace M (t) with the right side of (6). The result follows.
A comparison with the Malliavin calculus approach
According to the Clark-Ocone theorem it holds that if F is an integrable F Tmeasurable random variable that is Malliavin differentiable in the sense F ∈ D 1,1 then
where D is the Malliavin derivative operator. For a definition of the space D 1,1 and a proof we refer to [13, Appendix E] and [12] .
With the Clark-Ocone theorem as a starting point [19] arrives at an explicit formula for the optimal portfolio process π * based on Malliavin derivatives, in essentially the same financial market that we study in the present present paper. Naturally, this result relies on the requirement that the discounted optimal terminal wealth is sufficiently Malliavin differentiable. In order to ensure that this condition is fulfilled, further restrictions on the financial market and the utility function are needed. For example, conditions regarding the Malliavin differentiability of θ and r, and further conditions for the inverse I are necessary, see [19, Theorem 4.2] for details.
In comparison, the only non-standard condition that the explicit formula for π * in Theorem 4.3 relies on is the square integrability in Assumption 4.1, since typically only integrability is assumed, cf. [13, Ch. 3.7 ].
Examples
Let us illustrate Theorem 4.3 by studying two well-known examples.
Logarithmic utility
Let U (x) = ln(x) for x ∈ (0, ∞). It follows that I(y) = 1 y for y ∈ (0, ∞). Using calculations similar to those in (8) below it is easy to see that Assumption 4.1 is satisfied and that lim y→∞ E [H(T )I(yH(T ))] = 0. We may therefore use Theorem 4.2 and Theorem 4.3 for any initial wealth x 0 > 0. We directly obtain
This implies that
since the vertical derivative reduces to the standard derivative in this case, cf. Remark 2.1. Using (4), (8) and (9) we obtain
Now use Theorem 4.2 and (8) to see that x 0 = 1 Y(x0) which implies that the optimal portfolio can be represented as
.
For completeness sake we use Theorem 4.2 and the above to obtain the optimal wealth process X * (t) = x 0 H(t) .
Power utility with deterministic coefficients
Let r, α and σ be deterministic functions of time and U (x) = x γ γ for x ∈ (0, ∞) with γ < 1, γ = 0. It follows that I(y) = y Recall that HX * given by
is a square integrable martingale. Now use I(y) = y 1 γ−1 , (1) and (3) to perform the following calculations, where (...) denotes a deterministic function of time based on r, θ and γ, Together with Theorem 2.2 this implies that the vertical derivative of HX * with respect to W can be represented as
Now use (5) and (11) to see that the optimal portfolio can be represented as
For completeness sake let us find an expression for the optimal wealth process X * . Use 
